We provide an upper bound on the number of states in an unextendible product basis (UPB) for m-partite quantum systems. This allows us to negate the possible existence of certain bound entangled states constructed from a UPB.
Recently it has been demonstrated that there are other manifestations of quantum nonlocality without involving quantum entanglement [1] . Such manifestations rely on exact distinguishability of a set of orthogonal product states by local operations and classical communication (LQCC). In particular it has been shown [1] that there exists orthogonal set of product states that cannot be reliably distinguished by any sequence of LQCC. Further examples of such nonlocal features exhibited by product states have also been provided using the concept of unextendible product basis (UPB) [2] . A UPB is an incomplete orthogonal product basis for which the space complementary to its linear span does not contain any product state. This notion of unextendibility of a product basis has interesting consequences [2] : 1) The members of a UPB are locally immeasurable, i.e., the UPB elements are not exactly distinguishable by LQCC. Also a UPB is not completable even in a locally extended Hilbert space. 2) The state proportional to the projector onto the subspace complementary to that spanned by a UPB is a bound entangled state [3, 4] , i.e. a mixed entangled state from which no pure entanglement can be distilled. Such a bound entangled state constructed from a UPB will henceforth be referred to as UPB bound entangled state (or simply UPB BE).
Bennett. et. al. [2] gave a lower bound on the number of elements in a UPB for any multipartite system. Very recently, Wallach [5] showed that this lower bound is attained. However, the problem of obtaining an upper bound on the number of elements in a UPB is still open. However it has been shown that rank two bound entangled states for bipartite systems do not exist [6] . This in turn provide an indirect upper bound on the number of elements in a UPB for bipartite systems.
In this paper we derive an upper bound of a UPB for multipartite quantum systems. The proof is developed in the following way. We show that the density matrix proportional to the projector onto the subspace spanned by a UPB is irreducible. We obtain lower bounds on the ranks of the marginal density matrices corresponding to a UPB bound entangled state (UPB BE). We then obtain an upper bound on the number of states in a UPB. This in turn provides a lower bound on the dimension of the subspace complement to that spanned by a UPB. This allows us to negate the possible existence of certain UPB BE states.
We begin with the definition of a UPB [2] . Let n be the number of states in a UPB. The necessary and sufficient condition for extendibility of a PB [2] provides a simple lower bound on n given by,
It is important to note that very recently Wallach [5] has also obtained the lower bound on the number of elements of a UPB as given by (1) . However the importance of Wallach's result lies in showing that the lower bound, n = m j=1 (d j − 1) + 1 is attained. We first prove a lemma on the irreducibility of the density matrix that is proportional to the projector onto H S . One says that a state is irreducible if and only if its marginal ranks are equal to the dimensions of the respective subsystems. Let the density matrix ρ is proportional to the projector onto H S . We denote its marginal or local density matrix corresponding to the j th party by ρ (j) = T r 1,..,j−1,j+1,..m (ρ) obtained by tracing out the remaining parties. Its marginal rank on the side of j th party is denoted by R j ≡ R ρ (j) = d j . We now show that ρ is irreducible i.e., R j = d j ∀j.
Lemma 1
The state that is proportional to the projector onto the space H S spanned by a UPB S = {ψ i : i = 1, ..., n} in a Hilbert space H of total dimension D,
is irreducible.
Proof: Assume that for the kth party, R k = d k . Thus there exists at least one vector, say,
is the local density matrix viewed by the k th party. Choosing a product state
, where
's are not null vectors), one obtains, Ψ| ρ |Ψ = 0. This implies that the product state |Ψ ∈ H ⊥ S which is contrary to the fact that H ⊥ S does not contain any product state. Thus R k = d k . Hence the proof. ♦ It follows from lemma 1 that the spectral decompositions of the local density matrices ρ (j) corresponding to ρ can be written as,
with λ
The notion of UPB provided the first systematic way of constructing bound entangled states. The construction is as follows [2] 
is a bound entangled state.
The proof of this is given in Ref. [2] . We have already shown that the density matrix ρ that is proportional to the projector onto H S is irreducible. One can ask whether ρ is also irreducible. To this end we have been able to provide lower bounds on the ranks of its (i.e. ρ's) marginal density matrices ρ (j) = T r 1,...,j−1,j+1,...,m (ρ). This is stated in the following lemma.
Lemma 3 Let S = {ψ i : i = 1, ...n} be a UPB spanning a subspace H S of the Hilbert space of total dimension D of an m-partite quantum system H = m j=1 H j with dim H j = d j . Let ρ be the density matrix that is proportional to the projector onto H ⊥ S . Let ρ (k) be its local density matrix as seen by the kth party. Let R k = rank ρ (k) be the local rank. Then
Proof: The UPB BE state ρ is given by (4) . The local density matrix corresponding to the k th party is obtained by tracing out the remaining parties,
Using (3) we can rewrite (6) as,
Thus the largest eigenvalue of the density matrix ρ (k) is
. Since the largest eigenvalue of a matrix cannot be less than the inverse of its rank, we have
It has been proved in Refs. [2, 5] that n ≥ l, where l = m j=1 (d j − 1) + 1 and furthermore, the lower bound is attained [5] . Since n >
from which inequality (5) follows. ♦ For bipartite systems lemma 3 provides stronger bounds on the marginal ranks. We have the following corollary.
Proof: The first part follows directly from theorem 1. Second part follows from the fact that if
We now state (without proof) a sufficient condition for distillability [6] for bipartite systems.
We now prove our main result, concerning the upper bound of a UPB. We first explain it for bipartite systems. Let S be a UPB {ψ
and ρ be the UPB bound entangled state. From lemma 3 one has R 2 ≥ d 2 − 1. Since ρ is bound entangled, using lemma 4 one obtains,
This provides an upper bound on n for bipartite UPB's. We expand this result to obtain an upper bound on the number of elements in a UPB for m-partite systems where we use the fact that, given a m-partite bound entangled state no pure entangled can be distilled across any bipartite cut.
Theorem Let S = {ψ i : i = 1, ...n} be a UPB spanning a subspace of the Hilbert space of total dimension D of an m-partite quantum system H = m j=1 H j with dim H j = d j . Let P 1 and P 2 represent the two parties of any bipartite cut. Let D 1 = dim{P 1 } and D 2 = dim{P 2 }, where
Then the number of elements in a UPB is less than or equal to min (D − D 2 + 1), where the minimization is carried out over all bipartite cuts.
Proof: Let ρ be a UPB bound entangled state. Let its marginal rank on P 2 's side be R 2 = R ρ (P 2 ) . From Corollary 1 it follows that R 2 ≥ D 2 − 1. Since ρ is bound entangled, there cannot be any distillable entanglement across any bipartite cut. As ρ has rank D − n, applying lemma 4 we have,
This inequality must hold for all bipartite cuts. Hence the proof. ♦
Thus to obtain a upper bound on the number of states in a UPB one has to do the following: Take all possible bipartite cuts C k ≡ {P
2 }. Then the upper bound on n is given by D − D 2 + 1.
We then have the following result negating the existence of certain UPB BE states .
Corollary 2 UPB BE states having rank less than or equal to D 2 − 2 do not exist.
To summarize, we showed that the state corresponding to the uniform mixture on the space spanned by a UPB is irreducible. We obtained lower bounds on the ranks of the marginal density matrices corresponding to a UPB bound entangled state. We also provided an upper bound on the number of elements in a UPB. This allowed us to negate the existence of certain UPB BE states.
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